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Space-time geometry of spiral galaxy halo
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Space-time geometry of halo region in spiral galaxies is derived using the observed flat galactic
rotation curve feature and considering the presence of cold dark matter in the galaxy. Gravitational
deflection angle due to the derived space time metric has been evaluated and implications of the
findings are discussed. Exploiting cosmological observations about the dark matter content of the
universe relative to the luminous matter, the radial extent of spiral galaxies, such as that of Milky
Way, has been predicted which may be observationally tested in future.
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I. INTRODUCTION
The astrophysical observations reveal that after the
termination of luminous disk the expected Keplerian fall-
off is absent in rotation curves (variation of angular ve-
locity of test particles with distance from the galactic
center) of spiral galaxies [1]. The frequency shift of the
21 cm HI emission line from neutral hydrogen cloud at
large distances from the galactic center rotating in cir-
cular orbits allow to construct rotation curve of galaxies
involving distances up to a few tens of kpc or even few
hundreds of kpc in few cases. The observed flatness of
galactic rotation curves implies that either the Galaxy
contains far more matter than contributed by the lumi-
nous matters such as stars, planets and the gas or the
laws of gravity is different at large distances. The ve-
locity dispersion of galaxies in the galactic clusters [2,3],
gravitational lensing by galaxies [3,4,5] also support the
existence of invisible matter which is commonly referred
as dark matter.
The dark matter hypothesis has also received support
from the cosmological observations. The ΛCDM model,
where Λ is the cosmological constant and CDM stands for
cold dark matter, fits the cosmological observations well
and is quite successful in describing the formation and
evolution of the large scale structure in the Universe (see
for instance [6]). In cosmology the cold dark matter hy-
pothesis draws from two phenomena - inflation and big-
bang nucleosynthesis. The inflationary idea suggests that
the Universe is nearly flat with matter density equals to
critical density which receives support from the observed
anisotropy features in the cosmic microwave background
radiation (CMBR) [7]. The baryon density inferred from
nucleosynthesis suggests that ordinary matter can con-
tribute at most 15% of the critical density [8]. Hence if
the inflationary picture is correct, then most of the mat-
ter in the Universe must be nonbaryonic. The ΛCDM
model interprets that the gravitational attraction of cold
dark matters leads to formation of cosmic structures and
it also plays important role in holding the structures to-
gether.
The space time geometry of galactic halo in presence
of dark matter is a very relevant issue. Besides study
of the effects of gravitational interactions in the galactic
halo region it also offers possibility of cross-verification
of existence of dark matter itself through different local
gravitational phenomena such as gravitational lensing,
time delay [9], time advancement [10–12] etc. A naive
Newtonian analysis suggests that the tangential velocity
(vϕ) of rotation βϕ =
√
GM
c2r , where βϕ = vϕ/c, c is the
speed of light, G is the gravitational constant, M is the
total mass inside the radius r of the galaxy and r is the
distance from the galactic center. The observed flatness
of galactic rotation curves implies that M is a function
of r that increases linearly with r. In Newtonian analysis
the galactic gravitational potential is expressed accord-
ingly as GM(r)r . Newtonian treatment is, however, inad-
equate to describe the true and complete gravitational
field of galactic halo as required for gravitational lensing
and similar other local gravitational phenomena.
Several attempts were made to model dark matter ha-
los in the general relativistic framework. In the Newto-
nian approach gravitational field is solely represented by
gravitational potential. In Newtonian concept the matter
density solely plays the role of generation of the gravita-
tional potential which can be completely determined by
the observed rotation curve in the galactic halo region. In
contrast, even in the spherically symmetric situation gen-
eral relativistic analysis requires knowledge of two metric
coefficients (gtt and grr), to completely describe the grav-
itational field of galactic halo. One of the underlying rea-
sons for such a difference is that in the general relativis-
tic framework pressure also contributes to gravitational
2field unlike in the Newtonian approach. While the gtt
can be obtained from the features of rotation curve, ad-
ditional input about the equation of state of dark matter
is required to determine grr. Applying general relativis-
tic prescription and invoking observed flat rotation curve
feature, several researchers proposed space time geom-
etry of galactic halo considering dark matter as mini-
mally coupled scalar field with potential [9, 10], as scalar
field in Brans-Dicke theory [11], as perfect fluid [12], as
quintessential matter [13], in Brane world scenario [14]
etc. The metric coefficient grr in the mentioned works
[9-14] are different, depending on the choice of the equa-
tion of state of dark matter, but gtt is the same in all
the cases, proportional to rβ
2
ϕ as obtained from the flat
rotation curve feature. In all the stated works, a non-
zero pressure of dark matter particles was considered for
deriving the gravitational field.
Under the context the purpose of the present work is
to explore for a general relativistic solution of space time
geometry of galactic halo in presence of CDM which will
be consistent with the observed flatness of rotation curve
as well as will respect the basic principles of general rel-
ativity. Note that our objective is not to model the dark
matter of galaxy, rather we shall derive the space time
metric in the galactic halo region taking the observed fea-
ture of galactic rotation curve as an input and assuming
the presence of cold dark matter in galaxy. The gravi-
tational lensing observations provide another compelling
evidence for existence of dark matter in galactic halo. We
shall also obtain the expression for gravitational bending
of light due to the space time metric of galactic halo as
derived in the present work.
The organization of the paper is as the following.
In the next section we shall evaluate the gravitational
potential at galactic halo exploiting observed flat rota-
tion curve feature and considering the presence of cold
dark matter. In section 3 we shall study gravitational
lensing due to gravitational field of galactic halo. We
shall discuss other relevant issues like stability of circular
geodesics in section 4 and finally conclude in the same
section.
II. GALACTIC POTENTIAL IN PRESENCE OF
COLD DARK MATTER INVOKING OBSERVED
FLAT ROTATION CURVE FEATURE
In Newtonian gravity the tangential velocity of a test
particle in circular orbits around the central mass dis-
tribution is obtained simply by equating the centripetal
acceleration with the gravitational acceleration due to
central mass that leads to vϕ =
√
GM
r , The determina-
tion of tangential velocity in GR framework is slightly
complex. Assuming that the galactic halo is spherically
symmetric, the general static space time metric of the
halo can be written in curvature coordinates as [15]
ds2 = −e2λ(r)dt2+
dr2
1− 2m(r)r
+ r2(dθ2 + sin2θdφ2), (1)
where λ(r) and m(r) are functions of r only. We are
expressing quantities in natural units i.e. c and G are
taken as 1. The function λ(r) is known as the potential
and m(r) is the shape function which essentially reflects
the effective gravitational mass. Assuming that test par-
ticles move on the equatorial plane (θ = pi/2) the tangen-
tial velocity of a non-relativistic test particle in a circular
orbit can be obtained from the study of geodesics for the
above space-time metric which is given by [9,12]
β2ϕ = rλ
′(r) (2)
where prime denotes the derivative with respect to r.
Since observations suggests that βϕ is nearly constant at
large galactic distances, the above equation immediately
gives at halo region e2λ(r) ∝ r2β
2
ϕ . This form of gtt is
adopted in the several previous works [9-14] for galactic
halo as already mentioned in the introductory section.
Here we look for a form of gtt that can be recast as per-
turbation of Minkowski metric as expected in the weak
gravitational field regime. Since the gravitational field
is weak in the halo region we consider the metric in the
halo region can be written as gµν = ηµν+hµν , where hµν
is the small perturbation over the Minkowski metric ηµν .
Accordingly we write gtt of Eq.(1) as
e2λ(r) = 1−
2ML
r
+ f(r) , (3)
where f(r)(≡ htt) is a function of r that arises due to
presence of dark matter and ML is the total luminous
matter of the galaxy within radius r. The observations
suggest that after the galactic bulge the density of lu-
minous matter is very small and ML may be taken as
constant. When r is small, f(r) is smaller than 2MLr and
vice versa for large r. In the galactic halo region we may
approximate e2λ(r) ≃ 1+f(r). Since the magnitude of β2ϕ
is very small we shall keep only the leading order terms
in β2ϕ in the solution of halo metric ignoring higher order
terms. When flat rotation curve feature is invoked, the
Eq.(2) leads to the following solution
f(r) ≃ 2β2ϕln(r/R) (4)
where R is a scale radius which may be fixed from
the boundary conditions. Note that the above solution
does not necessarily require the presence of dark matter;
it follows from the observed flatness feature of galactic
rotation curve at outskirt of spiral galaxies. At present
one cannot rule out the possibility that some modification
3of general relativity could be the origin of the logarithmic
form in the potential.
For complete understanding of space-time geometry in
the halo region the knowledge about grr is also required.
Additional input in the form of dark matter equation of
state is needed to determine grr. The nature of dark mat-
ter is an unanswered issue of contemporary astrophysics.
The only information available about dark matter is that
it has not shown any interaction with the baryonic mat-
ter except the gravitational interaction.
Numerical simulations of structure growth suggests
that dominant part of the dark matter in the universe
is preferably ”cold” i.e. velocity of dominant part of
the dark matter particles is much less than the speed of
light. Though the ΛCDM model receives an indisputable
success on large scales, validity of the CDM scenario on
galactic scales has been questioned in several works. It
is found from N-body numerical simulations that CDM
halos and sub-halos should have a high density (cuspy)
profile at the centre [16]. The CDMmodel also gives over-
abundance of dwarf galaxies in the Milky Way and other
similar galaxies/local groups against the observations,
which is the so called missing satellites problem [17].
There are other issues like the so called too-big-to-fail
problem [18]. However, recent studies claim that except
the core-cusp problem, other discrepancies between ob-
servations and CDM based simulations are removed when
baryonic effects are properly taken into consideration in
the simulation [19]. The warm cold matter (WDM) has
been proposed in the literature as an alternative to CDM
[20] but the WDM model also shares the core-cusp prob-
lem in galactic scale [21]. Besides, high redshift Lyman-α
forest data disfavors the WDM model [22]. There is also
a possibility that the core-cusp problem originated due
to our poor understanding of galaxy formation or due
to improper underlying assumptions in the N-body sim-
ulations [23]. Theoretically weakly-interacting massive
particles is the most attractive dark-matter candidates
from particle physics point of view which falls under the
cold dark matter category. Considering all the aspects
and the overall performance over large scales and galac-
tic scales CDM model still remains the most favored dark
matter model. We shall, therefore, derive grr from Ein-
stein field equation considering that the pressure of dark
matter is negligibly small i.e. considering essentially the
energy momentum tensor of cold dark matter.
Considering that the dark matter as a fluid with en-
ergy density ρ(r), radial pressure pr(r), and tangential
pressure pT (r), the Einstein field equations for dark mat-
ter halo read (we shall take c = 1 through out the
manuscript) :
2m′(r)
r2
= 8piGρ (5)
2
r2
[
rλ′(r)
(
1−
2m(r)
r
)
−
m(r)
r
]
= 8piGpr (6)
(
1−
2m(r)
r
)(
λ′′(r) + λ′ 2(r) +
λ′(r)
r
)
−
1
r3
[m′(r)−m(r)] [1 + rλ′(r)] = 8piGpT . (7)
Now we consider the followings. In the galactic halo
region m(r) >> ML. For cold dark matter pr = pT = 0.
Inserting the flat rotation curve led metric coefficient eλ
i.e. expression given in Eq.(4) in Eqs. (6) and (7) we get
to the accuracy of β2ϕ
m(r) = β2ϕr (8)
According to the general relativity the Schwarzschild
metric is the exterior space time of galaxies with mass
parameter equals to total mass MT (luminous mass plus
dark matter mass) content of the galaxy. Matching
with the exterior Schwarzschild metric with total mass at
galactic boundary we get that the scale radius R = eRG
where RG is the radius of the galaxy.
Thus finally the spacetime metric of galactic halo ap-
pears as
ds2 = −
(
1− 2β2ϕ −
2ML
r
+ 2β2ϕln(r/RG)
)
dt2
+
dr2
1− 2β2ϕ −
2ML
r
+ r2(dθ2 + sin2θdφ2) . (9)
For the metric given in Eq. (1) circular orbits will
exist when 0 < rλ′ < 1 which is indeed the case for the
solution given in Eq. (9). The timelike circular geodesics
has to be stable for a viable space time geometry of the
galactic halo. The condition for stable circular orbit for
the metric given in Eq. (1) is [24]
3λ′ + rλ′′ > 2rλ′ 2 (10)
As β < 1, the above condition satisfies for the derived
metric.
Inserting the solution of m(r) in Eqs. (5), the density
of dark matter is readily obtained as
ρ ≃
1
4piG
β2ϕ
r2
(11)
which is very similar to what one would obtain from New-
tonian analysis. At least in the outer parts of galaxies
dark matter has a mass density profile closely resembling
that of an isothermal sphere.
The total gravitational energy EG between two fixed
radii, say ri and ro in the halo region can be estimated
for the metric (9) following [25] which is given by
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FIG. 1: The variation of EG with r in Kpc for Milky Way.
The lower limit of integration i.e. inner radius has taken as
20 kpc.
EG = MDM−EM = 4pi
∫ ro
ri
[
1−
(
1−
2m(r)
r
)−1/2]
ρr2dr
(12)
where MDM is the dark matter mass (we have ignored
the contribution of luminous matter) which is given by
MDM = 4pi
∫ ro
ri
ρr2dr ≃
β2ϕ
G
(ro − ri) (13)
The gravitational energy EG is, therefore, given by
EG ≃ −
β4ϕ
G
(ro − ri) (14)
which is negative as expected owing to positive ρ and the
gravitational field of the halo is, thereby, attractive. The
variation of EG with radial distance is shown in Figure 1
for Milky Way taking the inner radius as 20 kpc.
III. GRAVITATIONAL LENSING DUE TO
GRAVITATIONAL FIELD OF GALACTIC HALO
It is often argued that combined observations of galaxy
rotation curves and gravitational lensing can provide bet-
ter insight of the gravitational field of the galactic halo
[18,26,27]. In [27] it was shown that the form of gravi-
tational potential extracted from rotation curve λRC(r)
and lensing observations λLens(r) are not the same in
general:
λRC(r) = λ(r),
λLens(r) =
1
2
λ(r) +
1
2
∫
m(r)
r2
dr (15)
For the halo metric given in (9), λRC(r) = λLens(r) =
λ(r) owing to pressure less fluid.
In gravitational lensing scenarios when photon trajec-
tories are outside the galaxy, which is the case in most of
the observations involving external galaxies as lens, the
gravitational deflection will be that due to Schwarzschild
geometry with mass equals to luminous mass plus dark
matter mass. In such cases the gravitational lensing phe-
nomenon only can provide information about the total
mass of the galaxy but cannot tell anything about space-
time geometry of the halo. Only when the null geodesics
are through galactic halo the lensing phenomenon may
probe the space time geometry of halo.
When source and observer are at large distance away
compare to the distance of closest approach (ro), for the
metric given in Eq.(1) the gravitational bending angle
over the journey from ro to infinity may be written as
φ(ro)− φ(r∞) =
∫ ∞
ro
dr
√(
1− 2m(r)r
)−1
r
√[
r2
r2o
(
e2λ(ro)
e2λ(r)
− 1
)
− 1
] (16)
For the halo metric given in Eq. (9), the total bending
angle to the leading order in m/r and βϕ will be
α =
4ML
ro
+ 2β2ϕpi . (17)
Therefore, the deflection angle will be enhanced by a
constant factor 2β2ϕpi over the Schwarzschild value for
light trajectory from source to observer. Interestingly
this excess bending is independent of distance of closest
approach and thereby resembles with the flat rotation
curve feature.
Note that the conventional dark matter model (New-
tonian) also gives constant bending angle when dis-
tance of closest approach of photon trajectories are
within the galaxy. Usually Schwarzschild deflection an-
gle is employed to interpret lensing observations. The
Schwarzschild deflection angle (4M(r)ro ) becomes a con-
stant when (dark matter) mass increases linearly with
halo radius. Here two points to be noted: first the ex-
pression for Schwarzschild deflection angle is evaluated
under the assumption that mass parameter M is a con-
stant, independent of radial coordinate. So application
of Schwarzschild deflection angle for dark matter radial
dependent mass is not proper if distance of closest ap-
proach is within the galaxy. Secondly the magnitude
of two approaches (Schwarzschild deflection angle with
5radial dependent mass and halo metric) differ, the halo
spacetime metric predicts nearly 1.57 time larger bending
angle than that due to the conventional model. The con-
ventional model thus may overestimate the dark matter
content in the galaxy in lensing scenario where distance
of closest approach of photon trajectories are within the
galaxy.
The gravitational lensing measurements alone can not
distinguish the halo spacetime metric from the conven-
tional dark matter gravity model. This is because the
deflection angle depends on the total mass contained
within the radius equals to distance of closest approach
for a light trajectory. The nature of variation of deflec-
tion angle with distance of closest approach will be sim-
ilar (nearly constant, independent of distance of closest
approach) for both the halo spacetime metric and the
conventional dark matter gravity model as explained in
the preceding paragraph. So gravitational lensing mea-
surements should only infer different percentage of dark
matter in galaxies when Schwarzschild deflection angle
is employed with radial dependent galactic mass instead
of direct use of halo metric as the magnitude of bending
angle differs in two approaches. However, if mass of dark
matter in galaxy is known independently by some other
method such as galactic rotation curve, the prediction
of halo spacetime metric can be tested observationally
through lensing measurement.
In recent years few studies on dark matter distribu-
tion in galaxies have been made from lensing observa-
tions particularly using the Sloan Digital Sky Survey
(SDSS) Data [31] and the Hubble Space Telescope obser-
vations [32]. However, the weak lensing signal in SDSS
survey imaging is very noisy [33] and interpreted dark
matter distribution in galaxies suffer from significant un-
certainties. Future precise measurements of dark matter
content within galactic halo independently from gravita-
tional lensing and other methods should provide oppor-
tunity to validate the halo metric given in Eq.(9).
IV. DISCUSSION AND CONCLUSION
In the present work the form of gravitational potential
of galactic halo led by the flat rotation curve features is
derived. The mass function will alter (from that derived
here) if any other form of dark matter such as perfect
fluid, or scalar field inspired dark matter state is con-
sidered. However, gravitational potential derived from
lensing observations for a different choice of dark matter
state instead of cold dark matter in general does not con-
sistently match with that obtained from the flat rotation
curve feature [27].
The radial extension of a galaxy i.e. dark matter is so
far not known which is one of the unanswered questions
of modern astrophysics. We shall obtain an expression
for radial extension of dark matter using the clues from
cosmological observations. The ratio of total mass of
dark matter in the galaxy to that of luminous matter
ζ =
β2ϕRG
GML
(18)
The cosmological observations suggest that the ratio of
mass of dark matter to that of luminous matter of the
Universe is around 5.47 [28]. Under the assumption that
mass composition of dark and luminous matter in galax-
ies is the same to that of the Universe, we can take
ζ = 5.47 and thereby may estimate RG from Eq.(14).
For the Milky way βϕ = 7.3× 10
−4, ML ∼ 7× 10
11 M⊙.
Therefore, the radius of the Milky Way comes out as
RG ∼ 355kpc which is a prediction of the cold dark mat-
ter model that may be verified observationally in future.
Some alternative theories to GR, particularly conformal
gravity can explain the galactic rotation curve without
invoking any dark matter component [29]. However, the
radial extent of galaxies in conformal theory [30] are not
the same to the GR prediction and hence this feature is
also a testable observable to differentiate the two models.
Instead of exactly flat rotation curve i.e. instead of
constant βϕ if we use universal halo velocity profile as
given below [31]
β2ϕ = k
r2a
r2a + r
2
(19)
where ρo4pi , ρo is the central density and ra is a constant,
the potential f(r) will become
f(r) ≃ kln[(r2a + r
2)/R2] (20)
which reduces to Eq.(4) when r >> ra, with k = β
2
ϕ.
Numerical simulations suggest an approximate univer-
sality for the density profile of cold dark matter halos
[32]. The density profile of dark matter prescribed by
Navarro, Frenk and White (NFW) is widely used which
is given by [32]
ρ(r) =
ρs
r/rs(1 + r/rs)2
(21)
The mass function corresponds to the NFW density
profile will be
mNFW (r) = 4pir
3
sρs
(
rs
r + rs
+ Log(r + rs)
)
(22)
However, for mNFW (r) (together with λ) the radial
and transverse pressure of dark matter fluid do not vanish
as expected for cold dark matter. The assumption of
exactly flat rotation curve in deriving metric potential
can be the reason for such an inconsistency.
6In summary, we have derived gravitational field at halo
of spiral galaxies in presence of cold dark matter consid-
ering observed flat rotation curve feature as an input. An
important point is that the halo metric contains a con-
stant term proportional to square of the rotational ve-
locity i.e. the gravitational field depends on the velocity
of test particles thereby resembles a feature of electro-
magnetic field. The derived gravitational potential can
be validated from precise measurements of dark matter
content within galactic halo through gravitational lensing
and other independent observations. The present find-
ings suggest that when photon trajectories are through
galactic halo, lensing observations may probe the grav-
itational field of the halo and consequently the nature
of dark matter. Taking the cosmological observations
on dark matter content of the Universe as an input, the
present finding predicts about the radial extent of dark
matter in spiral galaxies.
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